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Synopsis
We study general two-dimensional σ-models which do not possess manifest Lorentz in-
variance. We show how demanding that Lorentz invariance is recovered as an emergent
on-shell symmetry constrains these σ-models. The resulting actions have an underlying
group-theoretic structure and resemble Poisson–Lie T-duality invariant actions. We con-
sider the one-loop renormalization of these models and show that the quantum Lorentz
anomaly is absent. We calculate the running of the couplings in general and show, with
certain non-trivial examples, that this agrees with that of the T-dual models obtained
classically from the duality invariant action. Hence, in these cases solving constraints
before and after quantization are commuting operations.
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1 Introduction
In theories possessing duality symmetries it is quite standard to lose manifest Lorentz
(and even reparameterization) invariance when they are formulated in a duality invariant
way at the level of the action. Common characteristic features of these theories are the
doubling of fields, the replacement of the Lorentz by some other symmetry as well as the
recovery of the usual Lorenz symmetry on-shell (see [1, 2, 3, 4], for notable examples of
this). In addition, in such duality invariant actions it is possible to use the equations of
1
motion to eliminate half of the fields resulting in a Lorentz invariant action. If this can
be done in more than one way, the corresponding theories are duality equivalent. There
are two issues that immediately arise which are actually related. Firstly, it is important
to know whether such an equivalence holds beyond the classical level. Secondly, is the
procedure of quantization before eliminating extra fields equivalent to first eliminating
fields and then quantizing?
These issues can be addressed successfully with a generalization of the well known abelian
[5] and non-abelian [6] T-dualities, namely the so-called Poisson-Lie T-duality [7]. Its
most notable feature is that it does not rely on the existence of isometries but rather
on a rigid group-theoretical structure [7] known as the Drinfeld Double. Nevertheless, it
shares some common features with ordinary T-duality. For instance, it can be explicitly
formulated as a canonical transformation between phase-space variables [8, 9], similarly
to ordinary T-duality [10, 11].
Pairs of Poisson–Lie T-dual σ-models can be constructed classically from a single duality
invariant theory consisting of a WZW model on the Drinfeld Double supplemented with
a non-linear interaction term [12]. By choosing a parametrization for a group element of
the Double and implementing the constraints that arise as equations of motion, one can
eliminate half of the fields and obtain a standard Lorentz invariant σ-model. The T-dual
partner to this is obtained by choosing an inequivalent parametrization for the group
element and repeating the constraint procedure. A first step in understanding whether
Poisson–Lie T-duality holds beyond the classical level was made in [13] where it was
shown, for specific examples, that the system of renormalization group (RG) equations
for couplings occurring in each of the T-dual theories are equivalent at one-loop. The
one-loop renormalization of general Poisson–Lie T-dual models was considered in [14]
and a proof of the equivalence of their RG equations was given in [15].
It is interesting to ask whether these RG equations can be recast in a manifestly duality
invariant form. For this to be so we should hope that the duality invariant theory also
produces the same system of RG equations. This need not be the case since the process
of constraining used to arrive at the pair of T-dual models may not commute with the
process of quantization. This motivates our study of the one-loop renormalization of the
T-duality invariant theory in particular and of Lorentz non-invariant σ-models in general.
The organization of this paper is as follows: In section 2 we consider general two-
dimensional σ-models that do not possess Lorentz invariance. We show that demanding
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Lorentz invariance as an emergent on-shell symmetry severely constrains the background
of the σ-model. In fact, solving these constraints results in an action that has the form
of the Poisson–Lie T-duality action described above.
In section 3 we consider the quantum behavior of these Lorentz non-invariant theories
by calculating their one-loop effective actions using the background field method. The
renormalization of similar theories was considered [16, 17] in the related context of the
Doubled Formalism of abelian T-duality [18] (a larger class of such doubled models has
been considered at the classical level in [19]). In our case however, we must extend
this analysis to account for the non-trivial group geometry of the group manifold. One
might expect both a Weyl anomaly and a Lorentz anomaly to occur. We find that the
counter term for the Weyl divergences can be absorbed into a redefinition of the coupling
constants and hence the models are one-loop renormalizable. Furthermore we show that
the potential Lorentz anomaly vanishes through non-trivial cancellations. This indicates
quantum consistency of the Lorentz non-invariant theories considered.
In section 4 we apply our general construction to the Poisson–Lie T-duality invariant σ-
model i.e. the case when the group manifold is a Drinfeld Double. In this case the explicit
expressions we construct for the Weyl anomaly provide us a manifestly duality invariant
description of the RG equations derived previously. For specific non-trivial examples we
check that these do indeed reproduce the RG equations obtained before [20, 15].
We conclude our paper with section 5.
2 On-shell Lorentz invariant actions
In this section we develop the classical formalism for two-dimensional σ-models to possess
on-shell Lorentz invariance. For a related treatment the reader is also referred to [19].
Consider a general Lorentz non-invariant two-dimensional bosonic σ-model action [2]1
S =
1
2
∫
dσdτ
(
CMN∂0X
M∂1X
N +MMN∂1X
M∂1X
N
)
, (2.1)
where the general matrix CMN and the symmetric matrix MMN depend on the X
M ’s. It
is straightforward to show that the Lorentz transformations
δXM = −σ∂τXM − τ∂σXM , (2.2)
1In our conventions, the light-cone world-sheet variables are σ± = 1
2
(τ ± σ) and hence ∂± = ∂0 ± ∂1,
where ∂0 = ∂τ and ∂1 = ∂σ. The two-dimensional world-sheet metric is diagonal with η00 = −η11 = 1
and also ǫ01 = 1.
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do not leave (2.1) invariant, instead they result in
δLorentzS =
∫
dσdτ
(
1
2
SMN(∂1X
M∂1X
N + ∂0X
M∂0X
N) +MMN∂0X
M∂1X
N
)
, (2.3)
where SMN is the symmetric part of CMN , i.e. SMN =
1
2
(CMN + CNM). We shall find
it convenient to split the index M such that XM = (Xµ, Y i). We would like to find
the conditions under which (2.1) is on-shell Lorentz invariant,2 using the equations of
motion corresponding to the Xµ’s. Since the equations of motion for the Y i’s will not be
used, we may add to the Lagrangian corresponding to (2.1) any Lorentz invariant term
Qij∂+Y
i∂−Y
j, for some matrix Qij that may depend on the Y
i’s. The fields Y i are called
spectators. The variation of (2.1) with respect to these fields is
δS =
∫
dσdτ δXµ
(
−∂1Eµ + 1
2
∂µMNΛ∂1X
N∂1X
Λ + ΓˆN ;µΛ∂0X
N∂1X
Λ
)
, (2.4)
where
Eµ = SµN∂0X
N +MµN∂1X
N , (2.5)
and
ΓˆN ;µΛ =
1
2
(∂µCNΛ + ∂ΛCµN − ∂NCµΛ) , (2.6)
which as we shall soon see, when it is appropriately restricted, plays the roˆle of connection.
Since (2.5) and the equations of motions are first and second order in world-sheet deriva-
tives, respectively, we should require that the latter can be written in the form ∂1(. . . )
in order to get conditions that can be used to make (2.3) vanish. However, the last two
terms in (2.4) cannot be written immediately in this form. Had this been the case per-
forming the derivative would result into second order derivatives like ∂21 and ∂0∂1 which
do not appear in (2.4).
To proceed we require that the last two terms in (2.5) can be cast into the form
−∂1ΛνAΛAµEν , (2.7)
for some Xµ dependent square matrix ΛAµ and its inverse Λ
µ
A. This is a very stringent
condition with severe consequences that restrict the type of backgrounds in the σ-models
that can be finally admitted by requiring that Lorentz invariance emerges on-shell. Then,
assuming that (2.7) holds, we find that (2.4) becomes
δS = −
∫
dσdτ δXµ
(
∂1Eµ + ∂1Λ
ν
AΛ
A
µEν
)
= −
∫
dσdτ δXµΛAµ∂1(Λ
ν
AEν) . (2.8)
2Similar considerations have been made in [2] for constant matrices C and M .
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Hence, the equations of motion can be integrated once and read
ΛνAEν = fA(τ) , (2.9)
where the fA(τ)’s are otherwise arbitrary. However (2.8) shows that (2.1) has a “small”
local symmetry under the transformation
δXµ = ΛµAǫ
A(τ) , (2.10)
where ǫA(τ) are some τ -dependent parameters. This can be used to set fA(τ) = 0, ∀ A,
showing that the equations of motion are first order and simply read
Eµ = 0 , (2.11)
where the Eµ’s are given by (2.5).
2.1 Recovering on-shell Lorentz invariance
Using (2.11), we may solve for ∂0X
µ and after some algebraic manipulations recast the
anomalous Lorentz variation (2.3) into the form
δLorentzS
∣∣∣
on shell
=
∫
dσdτ
[1
2
(SMN −MMαSαβMβN )∂1XM∂1XN
+(MiN − SiαSαβMβN )∂0Y i∂1XN + 1
2
(Sij − SiαSαβSβj)∂0Y i∂0Y j
]
, (2.12)
where Sαβ is the inverse matrix to Sαβ . Imposing that this vanishes we get the conditions
SMN = MMαS
αβMβN ,
Sij = SiαS
αβSβj , (2.13)
MiN = SiαS
αβMβN .
Having established the on-shell Lorentz invariance of the action it remains to show the
Lorentz invariance of the equations of motion (2.11). In order to do that we define a set
of projection operators as
(P±)
µ
ν =
1
2
(δµν ∓ SµλMλν) (2.14)
and their invariant subspaces as
(Q±)
µ
i =
1
2
Sµν(Sνi ∓Mλi) . (2.15)
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Indeed, using (2.13), one can readily verify that they satisfy the required properties
P 2± = P± , P±P∓ = 0 , P±Q± = Q± , P±Q∓ = 0 . (2.16)
Then (2.11) with the definition (2.5) can be written in the form
Eµ = Sµν(E
ν
+ + E
ν
−) , (2.17)
where
E
µ
± = (P∓)
µ
ν∂±X
ν + (Q∓)
µ
i∂±Y
i . (2.18)
Then using the properties (2.16) the equations of motion (2.11) can be easily shown to
be equivalent to
E
µ
± = 0 , (2.19)
which has the required form, since they remain invariant under Lorentz transformations.
2.1.1 The off-shell symmetry
In addition to the on-shell Lorentz symmetry (2.2) we can construct some modified
Lorentz transformations, similar to those which appear in a simpler setting in [1], under
which the action is invariant off-shell. These transform the fields as
δXµ = −σ∂τXµ − τ∂σXµ − σ(Eµ+ + Eµ−) ,
δY i = −σ∂τY i − τ∂σY i . (2.20)
We see that the Y i’s have the usual global Lorentz transformation rules. On-shell the
same is of course true for the Xµ’s as well.
2.2 Solving the conditions
Let’s introduce a set of vielbeins eAµ and their inverses e
µ
A. Then we may write Sµν in the
standard form
Sµν = e
A
µ e
B
ν ηAB , (2.21)
where ηAB is the tangent space metric. Similarly, let’s choose matrices MMN such that
Mµν = −RABeAµ eBν , (2.22)
for some constant symmetric matrix RAB.
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Then, the conditions (2.13) are solved by introducing a set of matrices F ai that may
depend on the spectator field Y i. We obtain
Sµi = ηABe
A
µF
B
i ,
Sij = ηABF
A
i F
B
j ,
Mij = −RABFAi FBj . (2.23)
Mµi = −RABeAµFBi .
We may choose for the matrix Cij to equal Sij since its antisymmetric part is Lorentz
invariant by itself. In addition, RAB obeys the compatibility condition
RACη
CDRDB = ηAB . (2.24)
The matrix RAB can be taken to be equal to unity by appropriate choice of the vielbeins.
Then (2.24) shows that η−1 = η, which implies that η is diagonal with plus and minus
entries [2]. Having in mind applications to T-duality we take η to be traceless as well.
To proceed further, we find it necessary to impose for the matrix MMN the conditions
∇ˆµMνλ = 0 ,
∇ˆµMνi = 0 , (2.25)
∂µMij = 0 ,
for some connection Ωµνλ. In the covariant differentiation the index i is assumed not to
transform. Moreover, we impose that
Γˆµ;νi = Γˆj;νi = 0 , ∂iCµν = 0 , (2.26)
Then the last two terms in (2.4) are written as
1
2
∂µMNΛ∂1X
N∂1X
Λ+ΓˆN ;µΛ∂0X
N∂1X
Λ =
(
ΩνµλMνΛ∂1X
N + ΓˆN ;µλ∂0X
N
)
∂1X
λ . (2.27)
Identifying the connection as
Ωµνλ = S
µρΓˆρ;νλ , (2.28)
we find that the of right hand side of (2.27) becomes[
Γˆνµλ(MνN∂1X
N + Sνλ∂0X
λ) + Γˆi;µλ∂0X
i
]
∂1X
λ
= ΓˆνµλEν∂1X
λ + (Γˆi;µλ − SνiΓˆνµλ)∂0X i∂1Xλ . (2.29)
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From the above and the assumption (2.7), we see that the form of the connection should
be
Γˆνµλ = Λ
ν
A∂λΛ
A
µ =⇒ Γνλµ = ΛνA∂λΛAµ −
1
2
Hνλµ , (2.30)
in order for the “small” gauge invariance (2.9) to exist. In the second step we have
written the expression for the usual symmetric Levi–Civita connection Γνµλ constructed
out of the symmetric tensor Sµν . The above expression implies that
∂µΛ
A
λ − ∂λΛAµ = ΛAνHνµλ . (2.31)
In addition, the last term in (2.29) should vanish, that is
Γˆi;µλ = SνiΓˆ
ν
µλ = SνiΛ
ν
A∂λΛ
A
µ , (2.32)
should hold. From (2.26) it is easy to deduce that Cµi is a total derivative. Hence, with
no loss of generality we take
Cµi = 0 . (2.33)
Then with the help of (2.26) we write (2.32) as
1
2
∂µCiλ = SνiΛ
ν
A∂λΛ
A
µ . (2.34)
Finally, note that due to the first of (2.25) and (2.22) the (torsion free) spin connection
and the torsion are related as3
ωµ
AB +
1
2
Hµ
νλeAν e
B
λ = 0 . (2.36)
The form of the condition (2.31) suggests that the background corresponds to a group
manifold. With this in mind, we now set up the notation and define the necessary
quantities. Let the Xµ’s parametrize an element G of a group D. We introduce a set of
representation matrices {TA}, A = 1, 2, . . . , dim(D), satisfying
[TA, TB] = ifABCT
C . (2.37)
Next we introduce the left-invariant Maurer–Cartan forms
LAµ = −iTr(TAG−1∂µG) , (2.38)
3In our conventions
∇ˆµV aν = ∇µV aν −
1
2
Hµν
λV aλ , ∇µV aν = ∂µV aν − ΓλµνV aλ + ωµabV bν (2.35)
and ∇µeaν = 0.
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with the fundamental property, the Maurer–Cartan equation,
∂µL
A
ν − ∂νLAµ = fABCLBµLCν . (2.39)
We also define the right-invariant Maurer–Cartan forms
RAµ = −iTr(TA∂µGG−1) (2.40)
for which
∂µR
A
ν − ∂νRAµ = −fABCRBµRCν . (2.41)
The two forms are related by
RAµ = C
A
BL
B
µ , (2.42)
where the matrix CAB (not related to the one in (2.1)) is defined as
CAB = Tr(TAGTBG−1) , (2.43)
and indices are raised and lowered with the tangent space metric. CAB is orthogonal and
among the many properties it obeys we will need that
(CT∂µC)
AB = fABCL
C
µ . (2.44)
Using the above, if we choose as our vielbein the left-invariant Maurer–Cartan forms
eAµ = L
A
µ , (2.45)
we obtain from (2.39) that the spin connection is
ωABµ =
1
2
fABCL
C
µ . (2.46)
Then from (2.36) we have to choose that
HABC = −fABC , (2.47)
in tangent space indices. Also from (2.31) and (2.41), the matrix ΛAµ = R
A
µ .
Instead, if we choose as our vielbein the right-invariant Maurer–Cartan forms
eAµ = R
A
µ , (2.48)
then from (2.41) we get for the spin connection
ωABµ = −
1
2
fABCR
C
µ . (2.49)
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Then from (2.36) we have to choose that
HABC = +f
AB
C , (2.50)
in tangent space indices. Also from (2.31) and (2.39) the matrix ΛAµ = L
A
µ .
Of course quantities and relations that can be computed using the metric are frame
independent. For instance, the Riemann curvature is
RAB;CD =
1
4
fAB
EfECD (2.51)
and we note the identity
∇µHνρλ = 0 , (2.52)
for torsion proportional to the structure constants as in our case. Also in WZW models,
the fine tuning of geometry and torsion gives the identity [21]
Rˆµν;ρλ = 0 , (2.53)
where the generalized Riemann curvature tensor that uses Γˆµνλ as a connection is defined
in (3.8).
In what follows we choose to work with the left-invariant forms as our vielbein’s, that is
with the choice (2.45).
From (2.26) and (2.44) we find from (2.34) that
Ciµ = 2ηABF
A
i e
B
µ , (2.54)
where we repeat that the vielbein is given by (2.45).
Gathering the previous scattered results we obtain the action with Lagrangian density
L = LWZW + 1
2
ηAB
(
FAi F
B
j ∂0Y
i∂1Y
j + 2FAi L
B
µ ∂0Y
i∂1X
µ
)
+
1
2
RAB
(−LAµLBν ∂1Xµ∂1Xν − FAi FBj ∂1X i∂1Y j − 2LAi FBi ∂1Xµ∂1Y i) ,(2.55)
where LWZW corresponds to a WZW model action. It is not difficult to check that
this has the form of the duality invariant action used for Poisson–Lie T-duality. In
particular, one can verify that by comparing with eq. (B.1) of [9]. We emphasize that,
unlike the discussions related to Poisson-Lie T-duality, the group D is not necessarily
a Drinfeld double, although some important applications of our construction will be in
that direction, in section 4.
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3 RG flows of Non-Lorentz invariant actions
In this section we shall explain in detail the computation of the effective action of the
two-dimensional bosonic σ-model action (2.1) or equivalently of (2.55), since we want to
have an emergent Lorentz symmetry on-shell. To simplify the discussion we disregard
completely the spectator fields Y i.
3.1 A brief review of the background field expansion
In order to compute the quantum anomalies of the actions (2.1) and (2.55), both Weyl
and Lorentz ones, it is necessary to calculate the effective action. For that purpose we
will use the covariant background field method [22, 21] and in particular the algorithmic
method of [23] and [24] to study the renormalization of this two-dimensional sigma model.
Our starting point is to expand the fields Xµ around the classical solution χµ and its
fluctuation πµ as Xµ = χµ + πµ. However, this split leads to a non-covariant expansion,
since πµ cannot be interpreted as a vector. To achieve covariance, we use a non-linear split
based on the tangent vector ξµ of the geodesic that connects χµ and χµ + πµ. Consider
the interval s ∈ [0, 1] and Xµ(s) such that
Xµ(0) = χµ , ∂sX
µ
∣∣
s=0
= ξµ , Xµ(1) = χµ + πµ , (3.1)
which in addition satisfies the geodesic equation
∂2sX
µ + Γµνκ∂sX
ν∂sX
κ = 0 , (3.2)
where Γµνκ is the standard Levi–Civita connection, built from a metric. It turns out that
the covariant Lagrangian is given by a Taylor expansion in the parameter s, as
L(s = 1) =
∞∑
n=0
1
n!
∂nsL
∣∣
s=0
=
∞∑
n=0
1
n!
∇nsL
∣∣
s=0
, (3.3)
where ∇s is the covariant derivative along to the curve Xµ(s). For later convenience, we
present the formulae
∇s∂sXµ = 0 , [∇s,∇a]Xµ = Rκν;µρXρ∂sXκ∂aXν ,
∇s∂aXµ = ∇a∂sXµ = ∂a∂sXµ + Γµκλ∂aXκ∂sXλ , (3.4)
where ∇s denotes the worldsheet coordinates from which the fields Xµ depend, in our
case α = 0, 1. Now, we are in position to apply this method directly to (2.1) after
11
we choose what our metric in this expansion would be. The two possibilities are, the
symmetric part of Cµν , i.e. Sµν and Mµν .
To calculate the one-loop effective action of (2.1) we have to perform a path integral over
the ξ fluctuations and therefore we need to calculate the Weyl and Lorentz anomalies
of the divergent contributions of the second order expansion of this action. These come
schematically from the ξ2 and ξ4 contractions. In particular, these divergences originate
from single contractions in 〈ξξ〉 and double contractions in 〈ξ∂ξξ∂ξ〉. Due to the fact that
the candidate metrics Sµν and Mµν depend on the background fields χ
µ, it is convenient
to go to the tangent frame, defined by the vielbeins of our metric. For our purposes we
take Sµν to be our metric.
3.2 Background field expansion
We consider the covariant expansions the two terms in (2.1) separately and label them
as SWZW and SNL, respectively.
3.2.1 The WZW action
The WZW part of the Lagrangian (2.1), can be written as
SWZW = 1
2
∫
dτdσ Cµν∂0X
µ∂1X
ν =
1
2
∫
dτdσ(Sµν +Bµν)∂0X
µ∂1X
ν , (3.5)
where Sµν and Bµν are the symmetric and antisymmetric parts of Cµν . The first derivative
of the action with respect to s after an integration by parts in the term involving the two
form potential, has Lagrangian density given by
1
2
(
Sµν∇0∂sXµ∂1Xν + ∂0Xµ∇1∂sXν +Hλµν∂sXλ∂0Xµ∂1Xν
)
, (3.6)
where Hκλµ = ∂[κBλµ] and note we used the fact that we have a Levi–Civita connection.
Using that we may compute the second derivative of the action with respect to s and
therefore after setting s = 0 the second order term in the expansion (3.3). We eventually
find that
1
2
S(2)WZW
∣∣∣
s=0
=
1
2
∫
dτdσ
[
Sµν∇0ξµ∇1ξν + (Rκµ;νλ + 1
2
∇κHλµν)ξκξλ∂0χµ∂1χν
+
1
2
Hλµνξ
λ(∇0ξµ∂1χν + ∂0χµ∇1ξν)
]
. (3.7)
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Equivalently, this can be written in terms of the generalized Riemann tensor that uses
Γˆµνλ as a connection. Recalling that
4
Rˆµν;ρλ = Rµν;ρλ − 1
2
∇[νHµ]ρλ + 1
4
Hρ[µ
αHν]λα , (3.8)
we arrive at
1
2
S(2)WZW =
1
2
∫
dτdσ
[
Sµν∇ˆ0ξµ∇ˆ1ξν + Rˆκµ;νλξκξλ∂0χµ∂1χν
]
, (3.9)
where we have introduced the generalized covariant derivatives
∇ˆ0ξν = ∇0ξν + 1
2
Hκ
ν
λ ∂0χ
κξλ ,
∇ˆ1ξν = ∇1ξν − 1
2
Hκ
ν
λ ∂1χ
κξλ , (3.10)
with
∇aξµ = ∂aξµ + Γµνλ∂aχνξλ . (3.11)
Note that the sign swap in the second terms in (3.10) above indicates that this is not
simply the covariant derivative with generalized connection pulled back to the world sheet
in a naive way.
Using the special form of our background and in particular (2.46) and (2.47) we find from
(3.10) that
∇ˆ0ξρ = ∇0ξρ + 1
2
Hλ
ρ
µ ∂0χ
λξµ
= LρA(∇0ξA −
1
2
fB
A
CL
B
ν ∂0χ
νξC)
= LρA(∂0ξ
A + ων
A
C∂0χ
νξC − 1
2
fB
A
CL
B
ν ∂0χ
νξC) (3.12)
= LρA∂0ξ
A ,
where ξρ = LρAξ
A and
∇ˆ1ξρ = ∇1ξρ − 1
2
Hλ
ρ
µ ∂1χ
λξµ
= LρA(∇1ξA +
1
2
fB
A
CL
B
ν ∂1χ
νξC)
= LρA(∂1ξ
A + ων
A
C∂1χ
νξC +
1
2
fB
A
CL
B
ν ∂1χ
νξC) (3.13)
= LρA
(
∂1ξ
A + fABCξ
BLCλ ∂1χ
λ
)
.
4In our conventions we antisymmetrize indices as [ab] = ab− ba.
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Note that these expressions depend crucially on the relative sign between the torsion and
the spin connection. In the analysis of a standard WZW either sign choice is consistent
and leads to the same ultimate result. However, in our case of non-Lorentz invariant
theories we found that we had to specify opposite signs in (2.36) to ensure on shell
invariance.
Finally, from Eq.(3.9), (3.13) and (3.14) we obtain that
1
2
S(2)WZW =
1
2
∫
dτdσ
[
ηAB∂0ξ
A∂1ξ
B − fABCξA∂0ξBLCk ∂1χk
]
. (3.14)
Clearly, upon exponentiation and wick contraction there is no divergence. This can
be easily seen from (3.14) since, when we only have the WZW model kinetic term the
propagator is irregular in the 01 directions and proportional to ηAB. Thus, the ξ∂0ξ term
vanishes, whereas the (ξ∂0ξ)
2 is finite. This is the familiar statement that the WZW
model is not renormalized and is conformal. However, as we will now come onto, when
we also consider the interaction term SNL we modify the form of the propagators and
the exponentiation of (3.14) does provide an important contribution to both the Weyl
divergence and the Lorentz anomaly.
3.2.2 The NL action
The second term of the Lagrangian (2.1), is
SNL = 1
2
∫
dτdσMµν∂1X
µ∂1X
ν . (3.15)
The first derivative of the action with respect to s has Lagrangian density given by
1
2
(∇κMµν∂sXκ∂1XµXν + 2Mµν∇1∂sXµ∂1Xν) . (3.16)
Similarly, to (3.7) we find that the second order term in the expansion (3.3) is
1
2
S(2)NL
∣∣
s=0
=
1
2
∫
dτdσ
[
Mµν∇1ξµ∇1ξν + (Rκµ;νλ + 1
2
∇κ∇λMµν)ξκξλ∂1χµ∂1χν
+2∇kMµνξκ∇1ξµ∂1χν ] . (3.17)
Expanding this using Mµν = −LAµLBν RAB and a lengthly procedure we obtain an analo-
gous to (3.14) action for the fluctuations.
14
3.3 Calculation of the effective action
The action for the fluctuations of the complete action (2.1) can be written as a sum of a
kinetic and interacting terms for the ξA’s, as
S(2) = Skin + Sint , (3.18)
where
Skin =
1
2
∫
dσdτ
(
ηAB∂0ξ
A∂1ξ
B −RAB∂1ξA∂1ξB
)
, (3.19)
and
Sint =
1
2
∫
dσdτ
(
IABξ
AξB + JABξ
A∂1ξ
B +KABξ
A∂0ξ
B
)
, (3.20)
with
IAB = −1
2
∂1χ
µ∂1χ
νLCµL
D
ν
[
fAC
EfBD
FREF + (2fAF
EREC + fAC
EREF )fBD
F
]
,
JAB = (fBA
CRCE + 2fEA
CRCB)L
E
µ ∂1χ
µ , (3.21)
KAB = −fABCLCµ ∂1χµ .
We note that the terms labeled by IAB and JAB come from the S(2)NL action, while the
term KAB comes from the S(2)WZW action.
The effective action Seff(χ) at one loop, it is given in terms of the interacting Lagrangian
as
eiSeff (χ) =
∫
[Dξ]eiS
(2)[χ,ξ] =⇒ Seff(χ) = 〈Sint〉+ i
2
〈S2int〉 . (3.22)
Substituting (3.18) in (3.22) we find that the effective Lagrangian is given by
Seff(χ) =
1
2
∫
dσdτ(q1 + q2 + q3 + q4)
=
1
2
∫
dσdτ
(
IAB〈ξAξB〉+ i
4
JABJCD〈ξA∂1ξBξC∂1ξD〉
+
i
4
KABKCD〈ξA∂0ξBξC∂0ξD〉+ (3.23)
+
i
4
(JABKCD +KABJCD)〈ξA∂1ξBξC∂0ξD〉
)
,
where qi, i = 1, 2, 3, 4 are respectively the first, second, third and fourth term in the above
expression. As for the ξ2 contractions and (ξ∂ξ)2, these can be found from the Skin and
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were computed in detail in the appendix of [16] and will not be repeated here. The end
results are
〈ξAξB〉 = RAB∆(0) + ηABΘ(0) ,
i〈ξA∂1ξBξC∂1ξD〉 ≃ 1
2
(RA[CRD]B − ηA[CηD]B)∆(0) ,
i〈ξA∂0ξBξC∂0ξD〉 ≃ −1
2
(RA[CRD]B + 3ηA[CηD]B)∆(0) (3.24)
− (RA[CηD]B + ηA[CRD]B)Θ(0) ,
〈ξA∂0ξBξC∂1ξD〉 ≃ −1
2
(RA[CηD]B + ηA[CRD]B)∆(0)− ηA[CηD]BΘ(0) ,
where ∆(0) and Θ(0) are the Weyl and Lorentz anomalies, respectively and ≃ denotes the
fact that we have kept only the terms relevant to the Lorentz and the Weyl divergence.5
3.3.1 Weyl anomaly
We shall now compute the Weyl anomaly of the effective action by plugging (3.21) and
(3.24) in (3.23). The result can be written as
qW1 = −
1
2
∂1χ
µ∂1χ
νLCµL
D
ν
(
fAC
EfBD
FREFR
AB+
( 2fAF
EREC + fAC
EREF )fBD
FRAB
)
,
qW2 =
1
4
fAB
CfDE
FRCERFK(R
ADRBE − ηADηBE)∂1χµ∂1χνLEµLKν , (3.25)
qW3 = −
1
4
(
fABCfDEFR
ADRBE + 3fABCf
AB
F
)
∂1χ
µ∂1χ
νLCµL
F
ν ,
qW4 =
(
fABCf
AB
D + fCE
FRFBfDA
BREA + fABCf
AF
ERFDR
EB
)
∂1χ
µ∂1χ
νLCµL
D
ν ,
where we note that we have made heavy use of the compatibility condition (2.24) in the
calculation of q2. Adding up the contributions we find that the Weyl anomaly reads
Weyl =
1
4
fAB
CfDE
F
(
RCKRFHR
ADRBE − RCKRFHηADηBE +
ηCKηFHη
ADηBE − ηCKηFHRADRBE
)
LKµ L
H
ν ∂1χ
µ∂1χ
ν
=
1
4
(RACRBF − ηACηBF )(RKDRHE − ηKDηHE)fKHCfDEF × (3.26)
LAµL
B
ν ∂1χ
µ∂1χ
ν .
5In these expressions 〈ξAξB〉 is really short hand for ∫ d2σ′〈ξA(σ)ξB(σ′)〉.
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However, the zeroth order in the expansion of SNL has the Lagrangian density
Mµν∂1χ
µ∂1χ
ν = −RABLAµLBν ∂1χµ∂1χν . (3.27)
Thus, since the Weyl anomaly counter terms can be absorbed as a redefinition of the
RAB we find that the action (2.1) is renormalizable at one loop. Moreover the RG flow
of RAB can be directly read off from (3.26) and it is equal to
dRAB
dt
=
1
4
(RACRBF − ηACηBF )(RKDRHE − ηKDηHE)fKHCfDEF , (3.28)
where t = lnµ, with µ being the energy scale. This is a quite simple formula and
constitutes one of the main results of present paper. One can readily check that it is
compatible with the condition (2.24).6
3.3.2 Lorentz anomaly
We shall now compute the Lorentz anomaly of the effective action by plugging (3.21)
and (3.24) in (3.23). The result can be written as
qL1 = −
1
2
∂1χ
µ∂1χ
νLCµL
D
ν
(
fAC
EfBD
FREFη
AB+
( 2fAF
EREC + fAC
EREF )fBD
FηAB
)
,
qL2 = 0 , (3.29)
qL3 = fABCfDE
BRADLCµL
E
ν ∂1χ
µ∂1χ
ν ,
qL4 = (−fABCRCE + 2fEACRCB)fABDLEµLDν ∂1χµ∂1χν .
Adding up the contributions we find that the Lorentz anomaly is zero. Thus, the sys-
tem is Lorentz invariant at one loop and this represents an important and non-trivial
demonstration of consistency.
4 Application to Poisson–Lie T-duality
Let’s concentrate to the case where the group D providing the symmetry structure in our
construction is the Drinfeld double of two groups G and G˜ of equal dimension dg. Splitting
6It is interesting and quite curious that the right hand side of (3.28) appeared before in a study of
generalizations of WZW-type conformal models [25].
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the index A = (a, a˜) and using the convention T a˜ = T˜a, the commutation relations can
be written as
[Ta, Tb] = ifab
cTc ,
[T˜ a, T˜ b] = if˜abcT˜
c , (4.1)
[Ta, T˜
b] = if˜ bcaTc − ifacbT˜ c .
It turns out that starting from the action (2.55) (with no spectators) and parameterizing
the group element G ∈ D in two inequivalent ways, namely as G = h˜g and G = hg˜,
where h, g ∈ G and h˜, g˜ ∈ G˜, we may solve some constraint type equations [12] for the
fields in h˜ or those in h and obtain Lorentz-invariant σ-model actions of the form
S =
1
2
∫
Qµν∂+X
µ∂−X
ν , (4.2)
for the remaining fields in g or in g˜, respectively.
In the absence of spectator fields, these dual two-dimensional σ-model actions are [7]
S =
1
2
∫
EabL
a
µL
b
ν∂+X
µ∂−X
ν , E = (M − Π)−1 , (4.3)
and
S˜ =
1
2
∫
E˜abL˜aµL˜βν∂+X˜
µ∂−X˜
ν , E˜ = (M−1 − Π˜)−1 , (4.4)
whereM is an arbitrary square matrix of dim(G) and Πab (Π˜ab) is an Xµ (X˜µ)-dependent
matrix which subtly encodes the group structure of the Double, but whose details are
not relevant in our considerations.
The one-loop beta-functions are expressed as
dai
dt
=
1
π
ai1 , (4.5)
where the ai1’s are chosen such that
1
2
Rˆµν = ∂aiQ
+
µνa
i
1 , (4.6)
where in our case the couplings are the entries of the matrix M in (4.3) and (4.4). Also,
Rˆµν are the components of the generalized Ricci tensor defined with the connection Γˆ
µ
νρ
that includes the torsion. The counter-terms were computed in [21, 26, 27] and we have
also omitted possible field renormalizations as they are not needed in our case.
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To present the result for the beta function equations we recall the notation introduced
in [15]. We first define the matrices
Aabc = f˜
ab
c − fcdaMdb , Babc = f˜abc +Madfdcb , (4.7)
as well as their duals
A˜ab
c = fab
c − f˜ cda(M−1)db , B˜abc = fabc + (M−1)adf˜ dcb , (4.8)
Using these we construct also
Labc =
1
2
(M−1s )cd
(
BabeM
ed + AdbeM
ae − AadeMeb
)
,
Rabc =
1
2
(M−1s )cd
(
AabeM
de +BadeM
eb − BdbeMae
)
(4.9)
and
L˜ab
c =
1
2
(M˜−1s )
cd
(
B˜ab
e(M−1)ed + A˜db
e(M−1)ae − A˜ade(M−1)eb
)
,
R˜ab
c =
1
2
(M˜−1s )
cd
(
A˜ab
e(M−1)de + B˜ad
e(M−1)eb − B˜dbe(M−1)ae
)
, (4.10)
where
Ms =
1
2
(M +MT ) , M˜s =
1
2
[
(M−1) + (M−1)T
]
. (4.11)
The one-loop RG flow system of equations corresponding to (4.3) can be read from [14].
In the notation of [15] it reads
dMab
dt
= RacdL
db
c . (4.12)
Similarly, for its dual (4.4) we have
d(M−1)ab
dt
= R˜ac
dL˜db
c , (4.13)
up to a constant overall factor absorbed into a redefinition of t.
Developing certain identities among the various quantities defined above it has been
shown in [15] that the two systems (4.12) and (4.13) are in fact equivalent. Therefore, at
one-loop in perturbation theory, general σ-models related by Poisson–Lie T-duality are
equivalent under the renormalization group flow a fact that seems to be related to the
fact that the σ-model actions (4.3) and (4.4) are on fact canonically equivalent in phase
space [8, 9].
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The equivalence of the systems (4.12) and (4.13) does not necessarily mean that the beta
functions one would have computed for the original action (2.1) using (3.28) would have
been the same. The reason is that as we have mentioned above certain constraints were
solved in order to obtain (4.3) and (4.4) and quantization before and after solving them
might not be commuting operations. In order to check this issue we need to conveniently
parametrize the matrix RAB introduced in (2.22) in the case that the group is a Drienfeld
double. First we define an inner product as
〈TA|TB〉 = ηAB =
(
0 Idg×dg
Idg×dg 0
)
(4.14)
and then the basis
R+a = Ta +M
−1
ab T˜
b , R−a = Ta −M−1ba T˜ b . (4.15)
We easily verify that
〈R±a |R±b 〉 = ±2M˜s , 〈R±a |R∓b 〉 = 0 , (4.16)
as well as completeness
1
2
|R+a 〉(M˜−1s )ab〈R+b | −
1
2
|R−a 〉(M˜−1s )ab〈R−b | = I . (4.17)
Then we define the operator
R =
1
2
|R+a 〉(M˜−1s )ab〈R+b |+
1
2
|R−a 〉(M˜−1s )ab〈R−b | , (4.18)
whose inner products
RAB = 〈TA|R|TB〉 , (4.19)
provide the necessary matrix elements for the computation in (3.28). Explicitly, in a
block diagonal form, they are given by
RAB =
(
M˜s − BM˜−1s B −BM˜−1s
M˜−1s B M˜
−1
s
)
, (4.20)
where B = 1
2
[
M−1 − (M−1)T ].
Before we present some examples we cannot refrain from noting the complexity of the
systems (4.12) and (4.13) as compared to the manifestly duality invariant system (3.28).
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4.1 Examples
We have not attempted to prove in general that in the case of Drinfeld doubles the RG
flow system of equations (3.28) reduce to (4.12) (equivalently (4.13)). Instead, we will
present three non-trivial examples in which we will explicitly compute the beta functions
equations using (3.28) and recover the same equations that were previously computed
using (4.12).
4.1.1 Semi-Abelian Doubles
As a first example we consider the case when the commutator relations for the double
are given as
[Ta, Tb] = ifab
cTc ,
[T˜ a, T˜ b] = 0 , (4.21)
[Ta, T˜
b] = −ifacbT˜ c .
This is know as the semi-abelian double since G˜ = U(1)d and coincides with the regular
notion non-abelian T-duality. We leave the group G general but to keep the problem
simple we consider a point in the coupling space where
Mab = κδab . (4.22)
Then from (4.9) we find that Rabc = −Labc = κ
2
fabc. Then, from the general RG
equations (4.12) we find the classical result
dκ
dt
= −C2
4
κ2 , (4.23)
where C2 is the quadratic Casimir in the adjoint representation. In the duality invari-
ant expressions we have that RAB = diag(
1
κ
δab, κδ
ab) and can simply calculate the RG
equation for κ using (3.28). We find that the above result is recovered.
4.1.2 A six-dimensional Drinfeld double
In this example we use a six-dimensional Drinfeld double based on the three-dimensional
Lie algebras, IX for G and V for G˜ in the Bianchi classification. The corresponding
generators are Ta and T˜
a, where a = 1, 2, 3. It is convenient to split the index a = (3, α),
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with α = 1, 2. The non-vanishing commutation relations are
[Ta, Tb] = iǫabcTc , [T˜3, T˜α] = iT˜α ,
[Tα, T˜β] = iǫαβT˜3 − iδαβT3 , [T3, T˜α] = iǫαβ T˜β , [T˜3, Tα] = iǫαβT˜β − iTα ,(4.24)
where δαβ , ǫαβ are the Kronecker delta and the antisymmetric symbol in two dimensions
and ǫabc is the totally antisymmetric tensor in three dimensions, ǫ123 = 1. From these
one can read off the structure constants.
As for the matrix RAB, as it was previously shown it can be constructed in terms the
symmetric and antisymmetric part of M−1, where M is taken for simplicity to be
M =


a 1− b 0
b− 1 a 0
0 0 a
1+g

 . (4.25)
Then from (4.20)
R =


1
a
0 0 0 1−b
a
0
0 1
a
0 b−1
a
0 0
0 0 1+g
a
0 0 0
0 b−1
a
0 a
2+(b−1)2
a
0 0
1−b
a
0 0 0 a
2+(b−1)2
a
0
0 0 0 0 0 a
1+g


. (4.26)
Whereas, the matrix ηAB is given by (4.14) with dg = 3. Plugging the structure constants
and (4.26) into (3.28) we find
da
dt
=
1 + a2 − b2
2a2
((g − 1)a2 + (g + 1)(b2 − 1)) ,
db
dt
=
b
a
(a2(g − 1) + (g + 1)(b2 − 1)) , (4.27)
dg
dt
=
1 + g
a
(g(1 + a2) + (g + 2)b2) ,
which is precisely the same system one derives using (4.12) or (4.13) [20, 15].
4.1.3 A sixteen-dimensional Drinfeld double
In this final example we study a sixteen-dimensional Drinfeld double group based on an
SU(3) group with generators Ta and an abelian eight-dimensional group with generators
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T˜ a, where a = 1, 2, . . . , 8. For the SU(3) group we use the structure constants in the
Gell-Mann basis (see for instance, eq.(5.2) of [28])
f 123 = 2, f
14
7 = −f 156 = f 246 = f 257 = f 345 = −f 367 = 1, f 458 = f 678 =
√
3 ,(4.28)
where the rest are obtained by antisymmetrization in the three indices. Note that there
in an SU(2) subgroup generated by T i, i = 1, 2, 3. The non-vanishing structure constants
are read by comparing the first and third equation of (4.1). In particular, we find that
fab˜c˜ = f
ab
c and antisymmetry in the first two indices is understood. As for the matrix
RAB, it is built in terms of the symmetric and antisymmetric part of M
−1, where M is
taken for simplicity to be a diagonal eight-dimensional matrix
M =
(
1
g
I3×3
)
⊕ (a I4×4)⊕ b . (4.29)
The result is a diagonal sixteen-dimensional matrix given by
R = (gI3×3)⊕
(
1
a
I4×4
)
⊕ 1
b
⊕
(
1
g
I3×3
)
⊕ (aI4×4)⊕ b . (4.30)
Whereas the matrix ηAB is given by (4.14) with dG = 8. Plugging the structure constants,
(4.14), (4.30) into (3.28) we find
da
dt
=
3a2
2
a(bg + 1)− 4b
b
,
db
dt
= −3a2 , dg
dt
= g2a2 + 2 , (4.31)
which were precisely the expressions in eq.(5.9) of [15].
5 Conclusions
We showed that demanding on-shell Lorentz invariance highly constrains the structure
of a general Lorentz non-invariant action. The resulting theories have an underlying
group structure and consist of a WZW term together with some interaction term. In
the case that the group is a Drinfeld Double these theories are Poisson–Lie T-duality
invariant σ-models. By using a background field method we calculated the one-loop
effective action of these models and found that they were renormalizable and that a
possible quantum Lorentz anomaly vanished. This is an important consistency condition
of such models. We also obtained the renormalization group equations for the couplings
of the interaction term in our model. For the Poisson–Lie T-duality invariant theories
this provides a duality invariant description of the RG equations, a key motivator for
this work. We also verified that for specific examples of the Drinfeld Double that these
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duality invariant RG equations agreed with those obtained from either of the T-dual
standard σ-models. A very interesting open problem is to prove this agreement in full
generality, although we believe that the non-trivial examples that we have given leave
not much doubt that this will be the case.
An observation, that hints at the utility of a duality invariant framework, is that duality
invariant RG equations can be computed using simple contractions of structure constants
with constant matrices. When dealing with the standard σ-model one obtains these
equations only by calculating the generalized curvature of what are, in general, extremely
complicated target space backgrounds.
Note added: Towards the completion of typing the present paper, the work of [29]
appeared where similar issues are discussed, albeit from a different point of view and
motivation. The result (3.28) has also been derived in that work as well. We acknowledge
that the authors communicated to us their results a few days before submission.
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